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ABSTRACT 
The general problem of dividing a set into a maximal collection of subsets in such a 
way that the subsets will overlap in certain specified ways is a fundamental problem 
in experimental design and in the design of systems involving shared use of system 
elements. This memorandum solves this problem in the case for which the subsets are 
each required to have three elements, and any pair of subsets have at most one element 
in common. 
A family F of three element subsets of an n-element set S,~ is called n-consistent if the 
intersection of any two sets of F contain at most one element of S,,. We find maximal 
(in number of elements) F for all n. For certain n the F are Steiner Triples Systems. 
The construction of the F is constructive. Structure Theorems are given determining 
the graph of doublets not covered by triplets in F. 
1. INTRODUCTION 
Let Sn be an n-element set. We denote elements as points,  two-e lement  
subsets as doublets,  and three-e lement subsets as triplets, on lines. Two 
points are said to hit (miss) each other  i f  they are (are not) on a common 
line. I f  they hit they are cal led connected.  Throughout  this paper  (x, y) 
and (x, y, z) refer to unordered sets. A fami ly  F of  l ines of  S,~ is cal led a 
consistent n-family i f  two lines intersect at at most  one point. So all 
doublets  are conta ined in at most one line. Let  I A I be the number  of  
e lements o f  A. We find in Sect ion 2 the value of  C(n) = max L FL, over 
all consistent n-famil ies F. In  Sect ion 3 we prove a structure theorem for 
the max imal  F. Possible areas of  future research are discussed in Sect ion 4. 
* This research is sponsored by the United States Air Force under Project RAND- -  
Contract No. AF 49(638)-1700--monitored by the Directorate of Operational Require- 
ments and Development Plans, Deputy Chief of Staff, Research and Development, 
Hq USAF. Views or conclusions contained in this Memorandum should not be inter- 
preted as representing the official opinion or policy of the United States Air Force. 
1 
9 1968 by Academic Press Inc. 
582/5/I-I 
2 SPENCER 
In [3], C(n) = R(n, 3, 1), the maximal  number of code words of length n, 
weight 3, and at most one "1"  in common. In [1], Fort  and Hedlung 
considered the analogous problem of  finding min ] F I where F contains 
all doublets at least once. A number  of the techniques used in the present 
study were found originally in [I]. I f  n ~ 1 or n ~ 3 (mod 6), then there 
exists an F with each doublet contained exactly once. These are the 
Steiner Triple Systems, whose existence was first shown by Reiss [4] in 
1859. These F provide the solution to both problems for those special n. 
2. PROOF OF MAIN THEOREMS 
Let F be a consistent n-family. Incidences will refer to "point on line 
occurrences." I f  x is the number of lines of F, then 3x is the number of 
incidences. Set P(i) equal to the number of lines that point i is on. Since 
lines intersect at at most one point and these lines do at i, 
n - -1  
P(i) ~ 2 ' 
SO 
Double counting incidences gives 
i ES  n 
Set 
THEOREM l. 
so 
n 
[. /z(n) = ~ 
C(n) =/z(n) ,  n ~ 5 (mod 6); 
C(n) =/z(n)  - -  1, n =-- 5 (mod 6). 
We have shown C(n) ~ tz(n). To complete this side of the inequality, 
say n = 6t § 5, F is  a consistent n-family, and ] F] =/z(n)  - -  6t ~ § 9t + 3. 
Then there would be 18t 2 -k 27 + 9 incidences, Since P(i) ~< 3t + 2 for 
all i E S , ,  we must have P(i) = 3t + 2 for all i except one, say A, and 
P(A) = 3t -k  1. But all i :r A are connected then to all other points 
and therefore to A. So A is connected to all points and therefore A is on 
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(3t § 2) lines, a contradiction. Therefore I F I~< ~(n) -  l, Hence we 
need only find consistent n-families F with I F I as desired. 
If I A I = I B I = I C I = n, with A, B, C pairwise disjoint, a tricover 
for (A, B, C) is defined in [2] as a set K of triples (x, y, z), x ~ A, y e B, 
z ~ C such that every pair uv, u, and v in different ones of  A, B, C is 
contained in exactly one member of  K. The following lemma is from [2]. 
LEMMA. Under such conditions a K exists. 
PROOF: Set K = {(ai, bj, ck): i + j  = k (mod n)}. K clearly has the 
desired properties. 
Our theorem breaks down into six cases depending on the residue class 
of n (mod 6). For n --  6t q- 1 or n = 6t + 3 the Steiner Triples Systems 
are the desired configurations. For n = 6t take a Steiner Triple of order 
6t + 1 and 6t 2 + t lines and delete one point and the 3t lines i t  was on. 
We get a consistent 6t-family F with 6t 2 § t -- 3t ~- ~(6t)lines, as desired. 
For n = 6t + 2 delete one point from the Steiner System of order 6t + 3 
to get the same result, For convenience we now reduce Theorem 1 to the 
case n z 6t + 4. Assume we can find a consistent (6t § 4) family F with 
/z(6t + 4) = 6t 2 + 6t + 1 lines. Then 
P( i )  = 18t 2 + 18t -+- 3. 
i~S  n 
Since P(i) <~ 3t + 1, we must have P(i) -~ 3t -+- 1 for all i but one, say A, 
where P(A) = 3t. (Note, conversely, that if A misses 3 points and all 
i 3& A miss only one point, then P(A) ~ 3t and P(i) ~ 3t + 1 for all 
i3~A,  so ~P( i ) :  18t 2+ 18t+ 3 and [F I  ~ /z (6 t+4)  so F is, if 
consistent, maximal.) Say A misses B, C, D. Then A, B, C, D hit all other 
points. The other 6t points miss exactly one of each other, so they divide 
into pairs (ail , ai2), 1 <~ i <~ 3t, where ail , ai~ miss each other. We then 
add a point X and the lines XAB, Xa~ai2(1 <~ i ~ 3t). This gives a 
consistent (6t + 5) family with 6t 2 + 5t § 1 + (3t + 1) : / z (6 t  + 5) -- 1 
lines. We already haveFfor  n --  0, 1, 2, or 3 (mod 6), so we could be done. 
Thus we are reduced to the case n ~ 4 (mod 6). Now set n ~ 6t + 4. The 
proof  is divided into four cases, which together eliminate all residue 
classes of t (rood 12). 
CASE I: t :0or  t--~ 1 (mod4).  
It was shown by Skolem in [6] that for these t one can distribute the 
numbers 1, 2 ..... 2t into t disjoint pairs (ai, bi) such that 
b i - -a i  (1 ~<i~ t) 
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For completeness, we repeat he pairs (a~, b~). If t --= 4m they are the 
pairs 
1. (4m+r ,  8m- - r ) ,  0 ~< r ~ 2m- - l ;  
2. (2m + 1,6m),(2m, 4m -- 1)(thelatter on ly i fm > 1); 
3. (r, 4m- -  1 - - r ) ,  1 ~ r ~m--  1; 
4. (m, m 4- 1); 
5. (m -- 2 4- r, 3m - -1  - - r ) ,  O ~ r ~ m- -  3. 
If t = 4m 4- 1 they are the pairs 
1. (4m4-24- r ,  8m+2- - r ) ,0  ~< r ~< 2m- -  1; 
2. (2m4- 1 ,6m+2) , (2m+2,4m + 1); 
3. (r, 4m4-1- - r ) , l  ~r<~m;  
4. (m4- 1, m+2) ;  
5. (m4-24- r ,  3m+l - - r ) , l  <- . . r<~.m--2 
(except for t = 5, where (2, 4), (3, 7), (9, 10), (5, 8), (1, 6) are the pairs). 
Skolem went on to show in [7] that the triples 
( x ,x  + r ,x  + b~ + t ) ; l <~ r <~ t, O <~ x <~ 6t 
with addition mod (6t -k 1) form a Steiner (6t + 1) Triple. We look at 
those triples where 0 <~ x <~ 6t 4- 2 and addition is mod 6t 4- 3. We have 
[ F I = 3t(6t d- 3)/3 = 6t 2 -k 3t. Any point x is collinear with the points 
{ x Jz r, x -4- ( b,. + t ) ; x jz ( a~ 4- t)l 1 ~< r ~< t}, 
which equals 
{x4- i i  --3t~< i~ 3t, i3~0}. 
Therefore the 3t lines through x pairwise have only x in common. So F 
is consistent. We extend F to F e by adding a point X and the lines 
(X, x, x + 3t + I) for 0 ~< x ~< 3t. We see that F" is consistent and has 
(6t 2 + 3t) + (3t -5 1) ----/~(6t + 4) points, as desired. 
In [2], Hanani finds, for all t, cyclic (6t + 1) Steiner Systems of the 
form {(x ,x+s ,x+x+hs) r  1 <~ s <~ t,O <~ x <~ 6t} addition mod 
(6t + 1). However, for t ~ 2 or 3 (rood 4), s + h8 > 3t for some s. When 
the above technique is attempted the point "0" is collinear not with 
- - [6 t+ 1 - - (s4-h~)] but rather with s4 -h~= [6t+3- - (s+h~)] ,  
and we may have 6t 4- 3 -- (s + h,) = r, hr, or r 6- hr,  in which case 
the above proof fails. Yet it seems possible that some refinement of this 
technique may generalize Case I to all t. 
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Now set S = {(i,j)l 1 ~< i <~ t, 1 ~ j ~< 6}. Label our 6t + 4 points 
A, B, C, D, and the points in S. Let Fx consist of the following lines: 
A(1, i)(2, i) B(1, i)(3, i) C(1, i)(4, i) D(1, i)(5, i) 
A(3, i)(4, i) B(2, i)(5, i) C(2, i)(6, i) D(2, 0(4, i) 
A(5, i)(6, i) B(4, i)(6, i) C(3, i)(5, i) D(3, i)(6, i) 
BCD(for all i, 1 <~ i ~< t). 
Suppose we find a family of lines F2 in S such that all lines have at most 
one point in each row (thinking of S as a matrix) and any two points in 
different rows are on some line. Then F = F1 w F 2 is easily seen to be 
consistent and [ F I = tz(n) as A misses 3 points and the rest miss only 
one. (Here (1, i) misses (6, i); (2, i) misses (3, i); (4, i) misses (5, i); B, C, D 
miss A.) For Cases II and III we find such Fz. 
CASE II: 
where 
t ~= 1 (mod2). Sayt  =2k+ 1. Set 
S= US~j ;1  <~i~t ,  1 ~<j~<3,  
S~a ----- {(i, 1), (i, 2)}, 
S~z = {(i, 3), (i, 4)}, 
Sia = {(i, 5), (i, 6)}, call the Sit elements. 
There are 3(2k § 1) = 6k q- 3 elements, so by [1] there exists a Steiner 
Triple which, by rearrangement, contains the triples (S~I, S~2, S;3) for 
1 ~ i ~< t. Let F2 be the union of all tricovers for all other triples 
(Sqj~, S~j, ,  Sq j )  in the Steiner System. F2 has the desired properties. 
For suppose (/1 , J0,  (i2 , J0 are not in the same row. They belong to 
elements Sqj, 1 , S~,j~, not in the same row of the element matrix. Since 
every double is covered exactly once in a Steiner System there is a unique 
i3,.j~ such that (Sqj~, Si~j~, Sq~) is in the Steiner System and, by the nature 
of the tricover, a unique iz, jz such that 
((/1, Ja), (i2, J2), (i3,.J~)) ~ F~. 
The uniqueness of (i3 ,J3) given (ia ,Jl), (i2 ,J2) is trivial, since for them 
to be on a line we must have Sqj l ,  S,~j~, Sq~; in a Steiner Triple. 
CASE III: t ~ 0 ,1 (mod 3). We set 
S=US~j ,1  <~ i <~ t , j=  1,2, 
where 
S~1 = {(i, 1), (i, 2), (i, 3)}, 
S~, = {(i, 4), (i, 5), (i, 6)}. 
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Adding an element X we have 2t -5 1 = 6k + 1 or 6k + 3 elements. 
Either way there is a Steiner Triple System on X, {S~} and we can arrange 
it so that the lines from X are of the form XS~ 1 S~,  1 <~ i <~ t. Then 
deleting X and the lines from it we have a set of triplets with any two 
elements in different rows covered: exactly once. Again let F2 be the union 
of all these triples and, as in Case II, this is easily seen to be as desired. 
CASE IV: t ~= 2(12) 
We first demonstrate, for n = 16, the desired family of lines. Call this 
family Fa6. Denote the elements by A, B, C, D, 1, 2 ..... 12. Fin is the 
family consisting of 
(X, X 
(.4, l, 3) (B, 3, 5) (C, 1, 4) (D, 4, 7) 
(A, 5, 7) (B, 7, 9) (C, 7, 10) (D, 10, l) 
(A, 9, 1 l) (B, l l, l) (C, 2, 5) (D, 5, 8) 
(A, 2, 4) (B, 4, 6) (C, 8, 11) (D, l l ,  2) 
(A, 6, 8) (B, 8, 10) (C, 3, 6) (D, 6, 9) 
(A, 10, 12) (B, 12, 2) (C, 9, 12) (D, 12, 3) 
+ 7, x + 8) for 1 ~< x ~ 12, addition (mod 12) (B, C, D) 
Note that for 1 ~< j ~< 12 there is a unique ] such that j misses ]. Now 
t~ 2(12) so t = 12s + 2, and n = 6(12s + 2) = 12(6s + 1) + 4. We 
denote our elements by A,B,  C,D,  (i,j); 1 ~ i ~ 6s + 1, 1 ~ j  ~ 12. 
SetE~ -- {(i,j): 1 ~ j  ~ 12), Hi = {A, B, C, D} U Ei. Define aprojection 
P by 
P(x)= x ,x  = A ,B ,C ,D  
P((i, j)) = j. 
Define F1 by (a,/3, ~) ~ F1 if and only if there exists i with c~,/3, 7 ~ Hi and 
(P(a), P(/3), P(~)) ~ FI6. That is, for 1 ~ i ~ (6s + 1) we impose H~ the 
family F~ 6 . So now A hits all but B, C, D, which hit all but A; (i,j) misses 
one point (i,]) in E~. There exists a Steiner Triple Family K for {1, 21 .... 
(6s + 1)}. Let T(i,j, K) be a tricover for E~, Ej, Ek. Set 
F=F1u U T( i , j ,k ) .  
( i , j ,k)eK 
So F has A missing B, C, D, which only miss A, and (i, j) missing only 
(i,j). This implies IF] = tz(n), thus completing the proof. 
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3. STRUCTURE OF MAXIMAL F 
If n ~ 1 or 3 (mod 6), a maximal consistent n-family F will not cover all 
doublets. Let F '  be the graph of those edges not covered by F. 
THEOREM 3. F'  has the following form (where dots indicate that all 
other points are paired off): 
X X • X~' - - - -7  X 
2<, x • o 9 X X X 
X X 
X X 
• ,- X 
n ~0,  2 n - - -4  n=-5  
All congruences (mod 6). (F' = ~ if n = 1 or 3 (mod 6), since then F is a 
Steiner Triple System). 
PROOF: For n ~ 4 (mod 6) the proof is contained in Section 2. For 
n~0 or 2 (mod6), 
n 
P(i) <~ ~ -- 1 
but 
so each point of Fn misses exactly one other point and they pair off as 
indicated. For n = 6tq -5 ,  F covers 31F I  = 1St 2 -b27t+6edges .  
There are ('~) ----- 18t 2 + 27t + 10 edges totally, so F '  has 4 edges. But a 
point on r edges misses 6t -b 4 -- 2r, an even number of points. Therefore 
each point in F '  is connected to an even number of points. The graph 
indicated is the only one meeting these restrictions. 
4. REMARKS 
We could consider the general problem of (in the notation of [3]) 
finding the values of R (n, d, 2) = the maximal number of d-subsets 
of S~, any 2t set being in at most one of the d-sets. In [5], Schtinheim 
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considered the analogous problem in which every )t-set must be in at least 
1 (and, more generally, I) of  the d-sets. However, it should be pointed 
out that the complete solutions to these problems would imply a complete 
solution to the existence problem for block designs. It will be noted, for 
example, that R(100, 10, 1) = 110 if and only if a projective plane of 
order 10 exists. 
A perhaps more promising generalization, suggested by Jon Folkman, 
is to consider an arbitrary finite graph G. What is the maximal number 
f (G)  of distinct triples such that no edge of G is on more than one triple ? 
The present study finds f (G)  for G the complete n-graph. 
In [1 ] the analogous problem of finding minimal F such that all doublets 
are covered at least once was considered. A lower bound of 
(where [X] + is the smallest y, x ~< y) was found in exactly the same 
manner as our own/z(n). This bound was achieved for all n. It seems that 
the two problems are "mirror images," with the Steiner Triple Systems 
being on the mirror "surface." A successful proof  of  one of the two 
problems directly from the proof  of the other would certainly be of  
interest. All attempts in this direction have so far resulted in dismal failure. 
Note Added in Proof It has come to my attention that the main results in this paper 
have also been shown by J. SchOnheim in a paper entitled "On Maximal Systems of 
k-Tuples," published in Studia Scientiarum Mathematicarium Hungarica 1 (1966), 
363-368. 
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